Abstract. In this paper, we introduce the weakly monotone Prešić type mappings in product spaces when the underlying space is an ordered cone metric space. Some fixed point results for such mappings are also proved which generalize and unify several known results in metric and cone metric spaces with normal cone. The results are supported by examples.
Introduction
In 1905, the famous French mathematician Fréchet [4] introduced the concept of a metric space. According to the need, several mathematicians generalized this concept in various directions. In 1934, a Serbian mathematician Kurepa [10, 11] introduced more abstract metric spaces, in which the metric takes values in an ordered vector space. For some more similar generalizations the reader is referred to [12, 23, 29] .
Recently, Huang and Zhang [6] reintroduced such spaces under the name of cone metric spaces, where every pair of elements is assigned to an element of a Banach space equipped with a cone which induces a natural partial order. In the same work, they investigated the convergence in cone metric spaces, introduced the notion of their completeness, and proved some fixed point theorems for mappings satisfying various contractive conditions on these spaces.
On the other hand, when considering the convergence of some particular sequences, Prešić [20] generalized the Banach contraction principle [1] in product spaces and proved the following theorem. Theorem 1.1. Let (X, d) be a complete metric space, k a positive integer and T : X k → X be a mapping satisfying the following contractive type condition:
(1.1) d(T (x 1 , x 2 , . . . , x k ), T (x 2 , x 3 , . . . , x k+1 ))
for every x 1 , x 2 , . . . , x k+1 ∈ X, where q 1 , q 2 , . . . , q k are nonnegative constants such that q 1 + q 2 + · · · + q k < 1. Then there exists a unique point x ∈ X such that T (x, x, . . . , x) = x. Moreover, if x 1 , x 2 , . . . , x k are arbitrary points in X and for n ∈ N, x n+k = T (x n , x n+1 , . . . , x n+k−1 ), then the sequence {x n } is convergent and lim x n = T (lim x n , lim x n , . . . , lim x n ).
The result of Prešić is generalized by several authors (see, e.g., [8, 17, 18, 19, 24, 25, 26, 27, 28] ). George et al. [5] , Khan and Samanipour [9] , and Malhotra et al. [14] proved the cone metric version of result of Prešić.
The existence of fixed point in partially ordered sets endowed with a metric was first investigated by Nieto and López [16] , and Ran and Reurings [21] . They proved the ordered version of Banach contraction principle. Also, they considered some applications of fixed point results in ordered spaces.
Recently, Luong and Thuan [13] , Malhotra et al. [14] , and Shukla and Radenović [26] proved the ordered version of theorem of Prešić in cone metric, metric and partial metric spaces. In all these papers, the Prešić type mapping was assumed to be "monotone".
In this paper, we introduce the notion of weakly monotone Prešić type mappings (which need not be monotone) in the setting of cone metric spaces with normal cone and use a more general contractive condition on mapping to prove the existence and uniqueness of fixed point of such mappings in ordered cone metric spaces. Our results generalize and extend the results of [6, 9, 14, 21] in ordered cone metric spaces with normal cone. Some examples are given which validate our results.
Preliminaries
We need the following definitions and results, consistent with [3] and [6] .
Definition 2.1 ([6])
. Let E be a real Banach space and P be a subset of E. The set P is called a cone if (i) P is closed, nonempty and P = {0 E }, where 0 E is the zero vector of E; (ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax + by ∈ P ; (iii) x ∈ P and −x ∈ P ⇒ x = 0 E . Given a cone P ⊂ E, we define a partial ordering " P " with respect to P by x P y if and only if y − x ∈ P . We write x ≺ P y to indicate that x P y but x = y. While x ≪ P y if and only if y − x ∈ P 0 , where P 0 denotes the interior of P .
Let P be a cone in a real Banach space E, then P is called normal, if there exist a constant K > 0 such that for all x, y ∈ E,
The least positive number K satisfying the above inequality is called the normal constant of P.
Definition 2.2 ([6]
). Let X be a nonempty set, E be a real Banach space with cone P. Suppose that the mapping d : X × X → E satisfies:
Then "d" is called a cone metric on X, and (X, d) is called a cone metric space. If the underlying cone is normal, then (X, d) is called a normal cone metric space.
The concept of cone metric space is more general than that of a metric space, because each metric space is a cone metric space with E = R and P = [0, +∞).
The following remark will be useful in the sequel.
Remark 2.1 ( [7] ). Let P be a cone in a real Banach space E with zero vector 0 E and a, b, c ∈ P. Then 1. If a P b and b ≪ P c, then a ≪ P c.
0 and a n → 0 E , then there exist n 0 ∈ N such that, for all n > n 0 we have a n ≪ P c.
5. If 0 E P a n P b n for each n and a n → a, b n → b, then a P b. 6. If a P λa where 0 ≤ λ < 1, then a = 0 E .
Definition 2.3 ([6]
). Let (X, d) be a cone metric space. Let {x n } be a sequence in X and x ∈ X. 1. If for every c ∈ E with 0 ≪ P c (or equivalently c ∈ P 0 ) there is a positive integer n 0 such that, d(x n , x) ≪ P c for all n > n 0 , then the sequence {x n } is said to be convergent at x. We denote this by lim n→∞ x n = x or x n → x as n → ∞.
2. If for every c ∈ E with 0 ≪ P c there is a positive integer n 0 such that, d(x n , x m ) ≪ P c for all n, m > n 0 , then the sequence {x n } is called a Cauchy sequence in X.
3. (X, d) is called a complete cone metric space if every Cauchy sequence in X is convergent in X. Definition 2.4. Let (X, d) be a cone metric space, k be a positive integer and T : X k → X be a mapping. If T (x, x, . . . , x) = x, then x ∈ X is called a fixed point of T .
Lemma 2.2 ([6]
). Let (X, d) be a cone metric space, P be a normal cone with normal constant K. Let {x n } and {y n } be two sequences in X.
(a) {x n } is Cauchy sequence if and only if
Following definitions can be found in [13, 14, 15] . Let E, B be two real Banach spaces and P, C be normal cones in E and B, respectively. Let " P " and " C " be the partial orderings induced by P and C in E and B, respectively. Let φ : P → C be a function satisfying:
for some positive real numbers α;
for all a, b ∈ P ; (iii) φ is sequentially continuous, that is, if a n , a ∈ P and a n → a as n → ∞, then φ[a n ] → φ[a] as n → ∞;
(iv) if φ[a n ] → 0 B as n → ∞, then a n → 0 E as n → ∞, where 0 E and 0 B are the zero vectors of E and B, respectively.
We denote the set of all such functions by Φ(P, C), that is, φ ∈ Φ(P, C) if φ satisfies all the above properties. From the definition it is clear that φ[a] = 0 B if and only if a = 0 E . Example 2.1. Let E be the real vector space defined by
with supremum norm and P = {ax + b ∈ E : a ≤ 0, b ≥ 0}. Then P is a normal cone with normal constant K > 2 (see [22] ). Let B = R 2 with Euclidean norm and
For some more examples of function φ we refer to [15] . In the following we always suppose that E, B are two real Banach spaces, P and C are normal cones in E and B, respectively, " P " and " C " are partial orderings in E and B with respect to P and C, respectively, and 0 E and 0 B are the zero vectors of E and B, respectively.
Consider a function ψ :
We denote the set of all such functions by Ψ(B), that is, ψ ∈ Ψ(B) if ψ satisfies all the above properties. 
where α i are nonnegative constants such that
. Now we define weakly monotone mappings on product spaces when the underlying spaces is a cone metric space with a partial order. Definition 2.5. Let a nonempty set X is equipped with a partial order " ⊑ " such that (X, d) is a cone metric space, then (X, ⊑, d) is called an ordered cone metric space. A sequence {x n } in X is said to be nondecreasing with respect to " ⊑ " if x 1 ⊑ x 2 ⊑ · · · ⊑ x n ⊑ · · · . Let k be a positive integer and T : X k → X be a mapping, then T is said to be nondecreasing with respect to " ⊑ " if for any finite nondecreasing sequence {x n } k+1 n=1 we have T (x 1 , x 2 , . . . , x k ) ⊑ T (x 2 , x 3 , . . . , x k+1 ). T is said to be nonincreasing with respect to " ⊑ " if for any finite nondecreasing sequence {x n } k+1 n=1 we have T (x 2 , x 3 , . . . , x k+1 ) ⊑ T (x 1 , x 2 , . . . , x k ). T is said to be monotone if it is nondecreasing or nonincreasing. The elements x, y ∈ X are said to be comparable and we write x ≍ y if x ⊑ y or y ⊑ x. The sequence {x n } in X is said to be weakly monotone if x n ≍ x n+1 for all n ∈ N. T is said to be weakly monotone with respect to " ⊑ " if for any finite weakly monotone sequence {x n } k+1 n=1 we have
It is clear that every nondecreasing or nonincreasing mapping is weakly monotone but converse need not be true in general. Following example shows that a weakly monotone mapping may not be a monotone mapping. Example 2.3. Let X = {1, 2, 3, 4} and let the order relation on X be defined by
Then T is neither a nondecreasing nor a nonincreasing mapping. Indeed, 1
, therefore T is not nonincreasing. Now by a careful observation one can see that T is weakly monotone mapping.
Definition 2.6. Let (X, ⊑, d) be an ordered cone metric space with cone P, k a positive integer and T : X k → X be a mapping. Then the mapping T is called a weakly ordered Prešić type contraction if there exist nonnegative constants α i such that
Definition 2.7. Let (X, ⊑, d) be an ordered cone metric space with cone P, k a positive integer and T : X k → X be a mapping. Then the mapping T is called a weakly ordered Prešić-Ćirić type contraction (see [2] ) if there exists λ ∈ (0, 1) such that:
Definition 2.8. Let (X, ⊑, d) be an ordered cone metric space with cone P, k a positive integer and T : X k → X be a mapping. Then the mapping T is called a weakly ordered φ-ψ-Prešić type contraction if there exist φ ∈ Φ(P, C), ψ ∈ Ψ(B) and λ ∈ (0, 1) such that
Remark 2.3. Note that, a weakly orderedĆirić-Prešić type contraction generalizes the weakly ordered Prešić type contraction (see [2] ). Also, for any cone metric space (X, d) with normal cone P, normal constant K and a positive integer k, define φ : P → P by φ[a] = a for all a ∈ P and ψ(x 1 , x 2 , . . . , x k ) = max{x 1 , x 2 , . . . , x k } for all x 1 , x 2 , . . . , x k ∈ P (provided the maximum exists in P ). Then φ ∈ Φ(P, C) and ψ ∈ Ψ(B) with E = B, P = C and α = 1 and the weakly ordered φ-ψ-Prešić type contraction reduced in toĆirić-Prešić type contraction. Now we can state our main results.
Fixed point theorems
The following theorem provides a sufficient condition for the existence of fixed point of a weakly ordered φ-ψ-Prešić type contraction in ordered cone metric spaces.
Theorem 3.1. Let (X, ⊑, d) be an ordered complete cone metric space with normal cone P . Let k be a positive integer and T : X k → X be a mapping such that the following conditions hold:
(a) T is a weakly ordered φ-ψ-Prešić type contraction, that is, satisfies (2.3); (b) T is weakly monotone with respect to ⊑; (c) there exist x 1 , x 2 , . . . , x k ∈ X such that
. . . , x k ) and µ = max
exists in C where δ = λ 1 k ; (d) if a weakly monotone sequence {x n } converges to x ∈ X, then x n ≍ x for all n ∈ N. Then T has a fixed point u ∈ X.
Proof. Starting with given x 1 , x 2 , . . . , x k we construct a weakly monotone sequence {x n } in X as follows: since x 1 , x 2 , . . . , x k ∈ X are such that
and T is weakly monotone with respect to " ⊑ " it implies that T (x 1 , x 2 , . . . , x k ) ≍ T (x 2 , x 3 , . . . , x k+1 ), that is, x k+1 ≍ x k+2 . Continuing this process we obtain:
Thus {x n } is a weakly monotone sequence in X. We shall prove that {x n } is a Cauchy sequence in X. For simplicity set d n = d(x n , x n+1 ) for all n ≥ 0.
By the method of mathematical induction we shall prove that
By definition of µ it is clear that (3.1) is true for n = 1, 2, . . . , k. Let the k inequalities
be the induction hypothesis. Since {x n } is a weakly monotone sequence, ψ ∈ Ψ(B) and δ = λ
Thus the inductive proof of (3.1) is complete. Let n, m ∈ N with m > n, then we have
As φ ∈ Φ(P, C), using (3.1) we obtain
As δ ∈ (0, 1) we obtain from the above inequality that lim n,m→∞ φ[d(x n , x m )] = 0 B and φ ∈ Φ(P, C) we have lim n,m→∞ d(x n , x m ) = 0 E . Therefore by Lemma 2.2, {x n } is a Cauchy sequence. Since X is complete, there exists u ∈ X such that lim
We shall show that u is a fixed point of T.
. . , u)) and we have
. . , x n+k−1 , u), T (x n+2 , . . . , x n+k−1 , u, u)) n+k−1 , u, . . . , u), T (u, u, . . . , u)).
Since φ ∈ Φ(P, C) we have
by (d) we have x n ≍ u for all n ∈ N, therefore using (2.3) in the above inequality we obtain
Since lim n→∞ x n = u, therefore by normality of cone P we have lim n→∞ d(x n , u)
αk for all n > n 0 . Also 0 B ≪ C c αk , so using the fact that ψ ∈ Ψ(B) and inequality (3.2) we obtain For any given ε > 0, using the normality of cone C and choosing c ∈ C 0 such that c < ε K (where K is the normal constant of C) we obtain from the above inequality that φ[d(x n+k , T (u, u, . . . , u))] < ε for all n > n 0 . Therefore
As φ ∈ Φ(P, C), we have lim n→∞ d(x n+k , T (u, u, . . . , u)) = 0 E and lim n→∞ x n = u therefore by Lemma 2.2 we obtain d (u, T (u, u, . . . , u)) = 0 E . T (u, u, . . . , u) = u. Thus u is a fixed point of T. This completes the proof.
This contradiction shows that
Example 3.1. Let E = R 2 with Euclidean plane, and P = {(a, b) ∈ R 2 : a, b ≥ 0}, then P is a normal cone in E with normal constant K = 1. Let X = R 2 and
is a cone metric on X and (X, d) is a complete cone metric space. Define a partial order ⊑ on X by Then φ ∈ Φ(P, C) with α = 1. For integer k = 2, define ψ : B 2 → B by: for all
Then ψ ∈ Ψ(B). For
Then T is a weakly ordered φ-ψ-Prešić type contraction with constant λ = Note that all the conditions of Theorem 3.1 are satisfied and T has two fixed points, namely (0, 0) and (2, 2) .
Note that T is not a monotone mapping, that is, T is neither monotone increasing nor monotone decreasing therefore results of [14] are not applicable.
In the above example we see that the fixed point of a weakly ordered φ-ψ-Prešić type contraction may not be unique. In the next theorem we give some sufficient conditions for the uniqueness of fixed point of mapping satisfying the conditions of Theorem 3.1.
Theorem 3.2. Let (X, ⊑, d) be an ordered complete cone metric space with normal cone P . Let k be a positive integer and T : X k → X be a mapping such that all the conditions of Theorem 3.1 are satisfied, then T has a fixed point u ∈ X. In addition, suppose that (a) the inequality
holds for all comparable u, v ∈ X with u = v, or (b) in condition (2.3) the constant λ ∈ 0, Proof. The existence of the fixed point u ∈ X follows from Theorem 3.1. For uniqueness, suppose that the set of all fixed points of T that is F (T ) is wellordered and (a) is satisfied. Let if possible v ∈ F (T ) and u = v. Then as F (T ) is well-ordered it follows from (3.3) that
This is a contradiction. Therefore the fixed point of T is unique.
Suppose that the set of all fixed points of T that is F (T ) is well-ordered and (b) is satisfied. Again, if v ∈ F (T ) and u = v, then we have
and φ ∈ Φ(P, C) we obtain
As ψ ∈ Ψ(B), F (T ) is well-ordered it follows from (2.3) and the above inequality that
By the choice of λ we have kαλ < 1, therefore by Remark 2.1 we have
Therefore fixed point of T is unique. In both the cases validity of converse is obvious. This completes the proof.
Following corollary is a generalization and extension of results of [14] for weakly monotone mappings. Corollary 3.3. Let (X, ⊑, d) be an ordered complete cone metric space with normal cone P . Let k be a positive integer and T : X k → X be a mapping such that the following conditions hold:
(a) T is a weakly ordered Prešić-Ćirić type contraction, that is, satisfies (2.2); (b) T is weakly monotone with respect to ⊑; (c) there exist
. . . , x k ) and µ = max Then T has a fixed point u ∈ X.
Proof. Define φ : P → P by φ[a] = a for all a ∈ P and ψ : P k → P by ψ(x 1 , x 2 , . . . , x k ) = max{x 1 , x 2 , . . . , x k } for all x 1 , x 2 , . . . , x k ∈ P (provided the maximum exists in P ). Then φ ∈ Φ(P, C) and ψ ∈ Ψ(B) with E = B, P = C and α = 1. Now the proof follows from Theorem 3.1.
Following corollary is a generalization and extension of results of [9] for weakly monotone mappings.
Corollary 3.4. Let (X, ⊑, d) be an ordered complete cone metric space with normal cone P. Let k be a positive integer and T : X k → X be a mapping such that the following conditions hold:
(a) for all x 1 , x 2 , . . . , x x , x k+1 ∈ X with x 1 ≍ x 2 ≍ x k ≍ x k+1 there exists λ ∈ (0, 1) such that d(T (x 1 , x 2 , . . . , x k ), T (x 2 , x 3 , . . . , x k+1 )) ≤ λ max{ d(x i , x i+1 ) : 1 ≤ i ≤ k};
(b) T is weakly monotone with respect to ⊑; (c) there exist x 1 , x 2 , . . . , x k ∈ X such that x 1 ≍ x 2 ≍ · · · ≍ x k ≍ T (x 1 , x 2 , . . . , x k ); (d) if a weakly monotone sequence {x n } converges to x ∈ X, then x n ≍ x for all n ∈ N.
Then T has a fixed point u ∈ X.
Proof. Define φ : P → R by φ[a] = a for all a ∈ P, ψ : [0, ∞) k → [0, ∞) by ψ(x 1 , x 2 , . . . , x k ) = max{x 1 , x 2 , . . . , x k } for all x 1 , x 2 , . . . , x k ∈ [0, ∞), then φ ∈ Φ(P, C) and ψ ∈ Ψ(B) with B = R, C = [0, ∞) and α = K, where K is the normal constant of P. Note that, with these assumptions in , x 2 , . . . , x k )) δ k , which always exist in C = R. Therefore the proof follows from Theorem 3.1.
